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Abstract
We determine the most general form of off-shell N = (1, 1) supergrav-
ity field configurations in three dimensions by requiring that at least one
off-shell Killing spinor exists. We then impose the field equations of the
topologically massive off-shell supergravity and find a class of solutions
whose properties crucially depend on the norm of the auxiliary vector field.
These are spacelike-squashed and timelike-stretched AdS3 for the spacelike
and timelike norms, respectively. At the transition point where the norm
vanishes, the solution is null warped AdS3. This occurs when the coefficient
of the Lorentz-Chern-Simons term is related to the AdS radius by µ` = 2.
We find that the spacelike-squashed AdS3 can be modded out by a suitable
discrete subgroup of the isometry group, yielding an extremal black hole
solution which avoids closed timelike curves.
ar
X
iv
:1
31
1.
45
83
v2
  [
he
p-
th]
  2
2 M
ay
 20
14
1 Introduction
It is well known that the low energy limit of string theory can be described by super-
gravity theories and higher order curvature terms appear in a derivative expansion in
the slope parameter α′. Only the two derivative Lagrangian is exactly supersymmetric
and beyond that supersymmetry holds only order by order in α′. The higher derivative
terms, including the curvature squared terms, need to be treated as interactions that
become relevant at increasingly higher energies. On the other hand, off-shell super-
gravities exist in lower dimensions as long as the number of supersymmetries does not
exceed eight. In this case, given that the local supersymmetry transformations do not
depend on field equations, one can construct higher derivative invariants that are ex-
actly supersymmetric by themselves. Another key property of these theories is that the
auxiliary fields, characterized by having algebraic field equations in a 2-derivative off-
shell supergravity, typically become propagating fields once higher derivative invariants
are added.
The properties of the off-shell higher derivative supergravities stated above raise
the interesting possibility of treating them in their own right, postponing the ques-
tions of their relation to on-shell supergravities that arise in string theory in a suitable
background. Once this philosophy is adopted, it is natural to look for exact solutions
of these theories, starting with the maximally symmetric ones. In particular, seek-
ing supersymmetric solutions is aided greatly by studying the off-shell Killing spinor
equation.
The simplest off-shell supergravity that contains an auxiliary field is the off-shell
N = (1, 0) supergravity in three dimensions [1]. In addition to the graviton and a single
Majorana gravitino, it contains an auxiliary real scalar field. The analysis of the Killing
spinor equations of on-shell topologically massive supergravity [2, 3] was given in [4],
and the off-shell Killing spinor equations were analyzed in [5], where the most general
form of the metric and auxiliary field consistent with supersymmetry was determined.
Using these results in field equations that follow from particular N = (1, 0) off-shell
higher derivative supergravity models, exact solutions for which the auxiliary field is
constant were found and examined in detail in [5, 6]. Supersymmetric solutions of these
models are necessarily of the pp-wave type. Supersymmetric warped AdS3 solutions on
the other hand have appeared so far only in on-shell extended N = (2, 0) supergravity
coupled to a vector multiplet [7].
In this paper, we shall study solutions of the Killing spinor equations associated
with N = (1, 1) off-shell supergravity in three dimensions [8, 9, 10] whose auxiliary
fields consist of a complex scalar Z and a real vector field Aµ. We shall determine the
most general form of the metric and the auxiliary fields under the assumption that
at least one off-shell Killing spinor exists. We shall then impose the field equations
of the extended topologically massive supergravity whose bosonic Lagrangian is given
1
by [8, 9]
Lbos = R− 2|Z|2 + 2AµAµ + 2m(Z + h.c.)
− 1
4µ
εµνρ
(
Rµν
abωρab +
2
3
ωabµ ωνb
cωρca
)
+
1
µ
εµνρFµνAρ , (1.1)
and study their supersymmetric solutions. The total Lagrangian consists of three
separately off-shell invariant pieces, one containing the Einstein-Hilbert term, another
containing the cosmological term and the last one containing the Lorentz and Maxwell
Chern-Simons terms. The scalar field continues to have an algebraic field equation that
sets it to a constant but the field equation for the vector field takes the form dA ∼ ?A.
The Killing spinor equation implies the existence of a null or timelike Killing vector. In
the former case, the field equations put the vector field to zero, for which the analysis
reduces to that of off-shell N = (1, 0) supergravity as carried out in [4, 5]. In the case
of a timelike Killing vector, however, an interesting picture emerges when one seeks
solutions for which the vector field is taken to be a linear combination of the dreibein,
namely A ∼ Aaea where Aa is a constant vector. The resulting solutions turn out to
be squashed (also referred to as warped) AdS3 in which the squashing parameter ν is
governed by the norm of the vector field, A2 = AµA
µ, as
ν2 ≡ 1
4
(µ`)2 = 1− A
2
m2
, (1.2)
with ` = m−1 . More specifically, we find spacelike-squashed and timelike-stretched
AdS3, and AdS3 pp-wave, for the spacelike, timelike and null norms, respectively.
Similar solutions have been investigated in [11] for topologically massive gravity (1.1)
in the absence of the vector field in which case they are not supersymmetric. In that
case, critical behaviour has been observed at µ` = 3 where the solution is round AdS3
and the warping transitions from stretching to squashing. Interestingly, in presence of
the vector field we find that this transition occurs at µ` = 2 where the solution is null
warped AdS3.
Having found supersymmetric warped AdS3 solutions, it is natural to examine their
modding out by suitable discrete subgroups of the isometry group to obtain black hole
solutions. This procedure has been systematically analyzed in [11] where a black hole
solution is obtained from the discrete quotient of the spacelike-stretched AdS3 solution.
A special case known as self-dual solution was previously found in [12]. In presence
of the vector field no spacelike-stretched AdS3 solution exists. Nonetheless, we find
spacelike-squashed AdS3 solutions which can be modded out by a suitable discrete
subgroup, yielding an extremal black hole solution without closed timelike curves.
The results of this paper raise a number of interesting research topics. We shall
touch on these in the final section of the paper, which is organized as follows. The model
is presented in section 2, the analysis of the Killing spinor equation in section 3, the
supersymmetric warped AdS3 solutions in section 4, the black hole solution in section 5
and concluding remarks in section 6. In the appendix, we present the solution of the
Killing spinor equation and address the question of supersymmetry enhancement.
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2 Massive Off-shell (1, 1) supergravity
The off-shell (1, 1) supergravity in D = 3 consists of the set of fields {eaµ, ψµ, Aµ, Z}
where eaµ is the dreibein, ψµ is the gravitino which is a complex Dirac spinor, Aµ is
a real auxiliary vector field and Z is a complex auxiliary field. The supersymmetry
transformation rules, up to cubic in fermion terms, are [8, 9, 13]
δeaµ =
1
2
¯γaψµ + h.c.
δψµ = Dµ− i2Aνγνγµ+ 12Zγµ? ,
δAµ =
i
8
¯γνργµ
(
ψνρ − iAλγλγνψρ + Zγνψ?ρ
)
+ h.c. ,
δZ = 1
4
? γµν (ψµν − iAργργµψν + Zγµψ?ν) , (2.1)
where
ψµν = 2D[µψν] , Dµ =
(
∂µ +
1
4
ωµ
abγab
)
 . (2.2)
We are using the conventions of [13], and for Dirac γ-matrices we take γµ = (iσ2, σ3, σ1)
and 012 = −1.
The model we shall study is based on an action [8, 9]
S =
1
16piG
∫
d3x
√−g (Lbos + Lferm) , (2.3)
where the bosonic Lagrangian is given by
Lbos = R− 2|Z|2 + 2AµAµ + 2m(Z + h.c.)
− 1
4µ
εµνρ
(
Rµν
abωρab +
2
3
ωabµ ωνb
cωρca
)
+
1
µ
εµνρFµνAρ , (2.4)
and the fermionic Lagrangian, up to quartic fermion terms, is given by
Lferm = −
(
ψ¯µγ
µνρDνψρ +
1
2
mψ?µ γ
µνψν + h.c.
)
+
1
4µ
εµνρ
(
Rρτ − 14Rgρτ
)
ψ¯µγ
τψν − 1
µ
R¯µγνγµR
ν . (2.5)
The parameters m and µ are real . Furthermore the Hodge dual of the gravitino
curvature is defined by
Rµ = εµνρ(Dν − iAν)ψρ . (2.6)
The field equations are
Rµν + 2AµAν + 2m
2gµν +
1
µ
Cµν = 0 , (2.7)
1
2µ
εµνρ Fνρ + A
µ = 0 , (2.8)
Z −m = 0 , (2.9)
Rµ − 1
2
mγµνψ?ν +
1
2µ
Cµ = 0 , (2.10)
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where1
Cµν = εµ
ρσ∇ρ(Rσν − 14gσνR) , (2.11)
Cµ = γργµνDνRρ − µνρ
(
Rρσ − 14gρσ
)
γσψν . (2.12)
These equations reduce to those for N = (1, 0) topologically massive supergravity [4, 5]
upon setting Aµ = 0 , Z
? = Z and ψ?µ = ψµ.
The N = (1, 1) model at hand admits AdS3 with radius ` = m
−1 as a vacuum solu-
tion, for Z = m and Aµ = 0. The fluctuations around this vacuum, with appropriate
boundary conditions, arrange themselves into discrete, unitary irreducible representa-
tions of the AdS3 group SO(2, 2).
2 These irreps are denoted by D(E0, s) where E0 is
the lowest energy state and S is the helicity of that state. For a detailed description
of the method for determining the SO(2, 2)-irreps for a given wave operator, see, for
example [17]. Applying this method, we find the spectrum which is summarized in the
following figure.
D(µ`+ 1, 2)
ww ((
D(µ`+ 1
2
, 3
2
)
''
D(µ`+ 3
2
, 3
2
)
vv
D(µ`+ 1, 1)
We observe that if we choose µ` = 1, which is the critical value for the so-called
chiral gravity as first pointed out in [18], then we obtain a helicity 2 and helicity 3
2
singletons (also referred to as boundary excitations, as they are frozen in the bulk),
and a massive gravitino and massive vector with representation contents D(5
2
, 3
2
) and
D(2, 1), respectively. In addition, there will be logarithmic helicity 2 and 3
2
modes. The
way in which the supersymmetry transformations will act on all these modes is similar
to the way they do in critical Einstein-Weyl supergravity in four dimensions [19].
3 Implications of an Off-shell Killing Spinor
Let  be a Killing spinor of (2.1). The defining equation for the Killing spinor is
Dµ− i2Aνγνγµ+ 12Zγµ? = 0 . (3.1)
1 Note that any solution of our bosonic equations will also solve the field equations of a different
model where the vector mass term in the action is replaced by Maxwell kinetic term with appropriate
normalization, since the resulting Einstein equation will be the same and the vector field equation will
be the derivative of ours. Such bosonic models and their solutions have been considered in [14, 15, 16].
2For a spectrum analysis around three-dimensional Minkowski spacetime, see [5].
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From the symmetries of the gamma-matrices one finds
? = ? = 0. (3.2)
Let us define the spinor bilinears
 = −?? ≡ if ,
γµ = ?γµ? ≡ Kµ ,
γµ? ≡ Lµ ≡ Sµ + iT µ , (3.3)
where f is a real function and Kµ is a real vector. From Fierz identities one may show
that
KµK
µ = −f 2 , SµSµ = TµT µ = f 2 ,
KµS
µ = KµT
µ = TµS
µ = 0 , (3.4)
One also has
εµνρKνLρ = −ifLµ ,
εµνρLνL
?
ρ = 2ifK
µ . (3.5)
Using the Killing spinor equation one finds
∇(νKµ) = 0 , (3.6)
thus Kµ is a Killing vector which is timelike or null. In addition to (3.6), the Killing
spinor equation yields
∂[µKν] = εµνρ
(
− fAρ + 1
2
(ZLρ + Z?(L?)ρ)
)
, (3.7)
∇µLν = −iAνLµ−iAµLν + igµνLβAβ + εµνρKρ Z∗ − ifZ∗ gµν , (3.8)
∂µf = −εµνρAνKρ + i
2
(
ZLµ − Z?L?µ
)
. (3.9)
Similar structures appear in the three-dimensional on-shell N = 8 supergravity [20].
The implications of these equations are different depending on the norm of the Killing
vector Kµ . We will discuss these cases separately.
3.1 Null case
If f = 0, the Killing vector field Kµ is a null vector field. In this case, equations (3.3)
imply that the spinor  is proportional to a real spinor 0 up to a complex phase
 = e−iθ/2 0 , (3.10)
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such that in particular
Lµ = e
iθKµ . (3.11)
Equation (3.9) further implies that
=(Zeiθ)Kµ + εµνρAν Kρ = 0 . (3.12)
Combining (3.7) and (3.8), we obtain
Aµ = −1
2
∂µθ , K
µAµ = 0 , (3.13)
for the auxiliary vector field, and
∂[µKν] = εµνρK
ρ<(Zeiθ) . (3.14)
In case of a null Killing vector field, it is convenient to choose coordinates such that
the metric takes the form
ds2 = dx2 + 2P (u, x)dudv +Q(u, x)du2 , (3.15)
with Kµ∂µ = ∂v . In these coordinates, the above equations (3.12), (3.14) combine into
a single equation for the auxiliary scalar field Z. Together with (3.13), we find that
the Killing spinor equations in the null case imply that the auxiliary fields are given
by
Aµ = −1
2
∂µθ ,
Z = −1
2
e−iθ ∂x ln
(
Peiθ
)
, (3.16)
in terms of an unconstrained real function θ(u, x) and the metric function P (u, x) .
3.2 Timelike case
For f 6= 0, the Killing vectorKµ is timelike, Sµ and T µ become spacelike and orthogonal
to each other. We choose a coordinate system, in which
Kµ =
 10
0
 , (3.17)
i.e. the dreibein can be parametrized as
eµa =
(
f−1 −f−2Vi
0 e−σ δαi
)
, f ≡ eϕ , (3.18)
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with all components independent of the first coordinate t. In this parametrisation,
equation (3.9) yields
∂if = e
σ
(
− ij fAj + i
2
(ZLi − Z∗L∗i )
)
, ∂i ≡ δαi ∂α . (3.19)
The [i0] component of (3.7) yields
∂if = e
σij
(
− fAj + 1
2
(ZLj + Z∗(L∗)j)
)
. (3.20)
Comparing (3.19) and (3.20), we find the relation
L2 = iL1 , (3.21)
which together with (3.5) gives
La = e
ϕ+ic
 01
i
 , (3.22)
with a time independent real function c. Solving the above equation (3.20) for Ai we
find
A− ≡ A1 − iA2 = 2ie−σ f−1∂zf + 1
f
ZL1 , (3.23)
in complex coordinates z = x+ iy. Moreover, the [ij] component of (3.8) can be solved
for A0 (in the flat basis) as
A0 =
1
2
ij ωij0 . (3.24)
The spin connection ωabc, obtained for the dreibein (3.18) in the flat basis, has the
non-vanishing components
ω00i = −e−σ f−1∂if ,
ω0ij = −ωij0 = f e−2σ ∂[i
(
Vj]e
σf−2
)
,
ωijk = 2e
−σ δi[j∂k]σ . (3.25)
The 00 component of (3.8) is identically satisfied. Also, its 0i and i0 components are
identically satisfied upon using (3.24) and (3.21). The ij component of this equation
gives
∇iLj = i(AiLj + AjLi)− iδijLkAk − fZ∗ij , (3.26)
with the flat derivatives ∇i ≡ eiµ∇µ. Using (3.21) and (3.25), the flat derivatives
∇zL1,∇z¯L1, take the form
∇zL1 = ∂z
(
e−σ L1
)
,
∇z¯L1 = e−2σ ∂z¯ (eσ L1) , (3.27)
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which can be used to show that the equations (3.26) reduce to the single complex
equation
∂z
(
f eσ−ic
)
= i f Z e2σ . (3.28)
To summarize, the existence of a time-like Killing spinor is equivalent to a dreibein of
the form (3.18) and the auxiliary fields Aµ, Z given by
A0 =
1
2
ij ωij0 , (3.29)
A1 − iA2 = ie−σ ∂z (ϕ− σ + ic) , (3.30)
Z = −ie−σ−ic ∂z (ϕ+ σ − ic) . (3.31)
In particular, the last equation is equivalent to (3.28). Furthermore, from the dreibein
(3.18), it follows that
ds2 = −e2ϕ (dt+Bidxi)2 + e2σ(dx2 + dy2) , (3.32)
where
Bi ≡ eσ−2ϕVi , satisfying ij∂iBj = −2A0e2σ−ϕ . (3.33)
Note that ϕ, σ and A0 are arbitrary time independent functions. These equations are
the main result of this section. Let us stress again, that the analysis remains valid for
any further extension of the model by matter and/or higher derivative couplings since
we have only made use of the off-shell Killing spinor equation. For any solution to
these equations it remains to verify the (model-dependent) field equations.
4 A Class of Solutions
Having found the most general form of the solution from the requirement that it admits
a Killing spinor, we now examine the field equations (2.7)–(2.9) that follow from the
specific off-shell N = (1, 1) supergravity model whose Lagrangian is given in (2.3). As
above, we treat separately the cases of null and timelike Killing vector. In the null
case, the vector field vanishes and all solutions are of pp-wave type as determined in
[4, 5]. In the timelike case, and under the assumption that the vector field is constant
in the flat basis, we shall find that the general supersymmetric solutions of the field
equations correspond to warped AdS spaces. Remarkably, the assumption of a warped
AdS metric together with a constant vector field alone fixes the solution up to the sign
of the vector field. For one choice of the sign, the solution then is supersymmetric.
4.1 Null Killing vector
In this case given that Aµ = −12∂µθ, it follows from (2.8) that Aµ = 0. Consequently,
the field equations and the Killing spinor analysis reduce exactly to that of N = (1, 0)
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supersymmetric topologically massive supergravity whose most general supersymmetric
solutions were determined [4, 5]. With a slight change of coordinates, these solutions
for generic value of µ` take the form
ds2 = `2
[
dy2 + dx+dx−
y2
+ (y2)(µ`+3)/2 h(x−)
(
dx−
y2
)2]
. (4.1)
For h(x−) = ±1 and µ` = −3, this solution can be interpreted as the null warped
AdS3 metric. For (µ`)
2 = 1, the last term of the metric (4.1) can be removed by
coordinate transformation, such that the metric reduces to round AdS3. At these
values, additional solutions show up as
µ` = 1 : ds2 = `2
[
dy2 + dx+dx−
y2
+
(
ln
y
`
)
h(x−) (dx−)2
]
, (4.2)
µ` = −1 : ds2 = `2
[
dy2 + dx+dx−
y2
+
(
ln
y
`
)
h(x−)
(dx−)2
y2
]
, (4.3)
where h(x−) is an arbitrary function of x−.
4.2 Timelike Killing vector
In the timelike case for which f 6= 0, we shall seek solutions for which
Z = m , Aa = const , A2 = 0 , c = 0 . (4.4)
The equation Z = m already follows from the Z field equation (2.9), while the remain-
ing equations constitute an ansatz. Note that the ansatz we have made for the vector
field shows that it is constant in the flat basis. From equations (3.30) and (3.31) and
their integrability conditions, we solve for (σ, ϕ). It then follows that the non-vanishing
components of the spin connection (3.25) in the flat basis are constant given by
ω002 = m− A1 , ω112 = − (m+ A1) ,
ω120 = ω201 = − ω012 = A0 . (4.5)
With A0 constant, the last equation can be integrated to compute the off-diagonal
component Vi of the dreibein, but its explicit form is not needed in the following
analysis. With (4.5) the vector field equations (2.8) reduce to
(m+ A1)A1 − 2A20 = −µA0 ,
(m− A1)A0 = −µA1 . (4.6)
From these equations it follows that(
A0 − µ
2
)
A2 = 0 . (4.7)
Therefore, we have different classes of solutions which we may distinguish as follows:
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A0 =
µ
2
A2 > 0 () |µ`| < 2
A2 = 0 () |µ`| = 2
A0 6= µ
2 |µ`| 6= 2
round AdS3
AdS3  pp-wave
spacelike squashed AdS3
null warped AdS3
timelike stretched AdS3
Aa = 0
A2 = 0
A2 < 0 () |µ`| > 2
We will examine these cases separately.
4.2.1 The A0 6= µ2 case
As depicted above, this case comprises two different solutions, depending on whether
or not the vector field Aa vanishes identically.
Round AdS3
For Aa = 0, the solution is AdS3 with metric
ds2 =
`2
y2
(−dτ 2 + dx2 + dy2) , ` ≡ m−1 . (4.8)
For this solution the Cotton tensor Cab = 0, the Ricci tensor is given by Rab = −2m2ηab
and we have the curvature invariants
R = −6m2 , RµνRµν = 12m4 , RµνRνλRλµ = −24m6 . (4.9)
The AdS3 pp-wave
In this case A2 = 0 and consequently, the vector field equations (4.6) are solved by
A2 = 0 , A0 = εA1 = µ+ εm , ε = ±1 . (4.10)
Plugging this together with Z = m into the supersymmetry equations (3.30), (3.31),
we infer that
eσ = z−1 , eϕ = zα , (4.11)
where
z ≡ (m+ A1)y , α ≡ A1 −m
A1 +m
. (4.12)
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For µ` = −2ε, we find A0 = µ2 , A1 = −m and the solution degenerates. This case is
part of the discussion in section 4.2.2. In solving (3.33), without loss of generality we
choose the gauge By = 0 and find
Bx = −εz−α−1 , (4.13)
up to an arbitrary x dependent function which we can remove in the definition of the
metric (3.32) by redefining the time coordinate t. Thus, we have the metric
ds2 = z2α
[−dt+ 2εz−α−1dx] dt+ 1
(A1 +m)2
dz2
z2
. (4.14)
It is convenient to make the coordinate transformation and relabelings
z = u(A1+m)/m , t = x− , x = εx+/2 . (4.15)
Then the metric takes the form
ds2 = `2
[
du2 + dx+dx−
u2
− u2ε(µ`+2ε)
(
dx−
u2
)2]
. (4.16)
It remains to verify the Einstein equations (2.7). Substituting the expressions for metric
and vector field, we find that these equations are satisfied for
ε = 1 . (4.17)
The metric (4.16) is an AdS-pp wave. In these coordinates, the vector field takes the
form
A = (µ`+ 1)uµ` dx− . (4.18)
The Ricci tensor and the Cotton tensor in flat basis are given by
Rab = −2m2ηab + 2µ(µ+m)
 1 1 01 1 0
0 0 0
 , (4.19)
Cab = −2µ(µ+m)(2µ+m)
 1 1 01 1 0
0 0 0
 . (4.20)
Using these results, we find that the lowest curvature invariants remain the same as in
(4.9).
Note that after the coordinate transformation (4.15), the limit µ` → −2 is well-
defined and leads to the “minus” null warped AdS3 metric
ds2 = `2
[
du2 + dx+dx−
u2
−
(
dx−
u2
)2]
. (4.21)
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4.2.2 The A0 =
µ
2
case
In this case, we find from equations (4.6) the solution
A0 =
µ
2
, A1 = −m . (4.22)
Plugging this together with Z = m into the supersymmetry equations (3.30), (3.31),
we obtain
eσ = 1 , eϕ = e−2my . (4.23)
In solving (3.33), without loss of generality we choose the gauge By = 0 and find
Bx =
µ
2m
e2my , (4.24)
up to an arbitrary x dependent function which we can remove in the definition of the
metric (3.32) by redefining the time coordinate t. Thus, we have the metric
ds2 = −e−4my
(
dt+
µ
2m
e2my dx
)2
+ dx2 + dy2 . (4.25)
The following discussion crucially depends on the value of the parameter
ν2 ≡ 1
4
(µ`)2 = 1− A
2
m2
, (4.26)
which as we shall see will take the role of the AdS warping parameter of the solutions.
Null warped AdS3
For |µ`| = 2, which implies A2 = 0, the metric (4.25) becomes
ds2 = −e−4mydt2 ∓ 2e−2mydtdx+ dy2 . (4.27)
Upon change of coordinates
y = ` log u , t = ` x− , x = ∓ ` x+ , (4.28)
we recognize the “minus” null warped AdS3 metric of (4.21).
Spacelike squashed AdS3
For |µ`| < 2, which implies A2 > 0, we rewrite the metric (4.25) as
ds2 =
A2
m2
(
dx− µm
2A2
e−2mydt
)2
− m
2
A2
e−4mydt2 + dy2 . (4.29)
It is then convenient to make the coordinate transformation
t′ = 2mt , x′ = −4m
√
A2/µ2 x , z =
√
A2/m2 e2my , (4.30)
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so that the metric becomes
ds2 =
`2
4
[
−dt′2 + dz2
z2
+ ν2
(
dx′ +
dt′
z
)2]
. (4.31)
This is spacelike squashed AdS3 with squashing parameter ν
2 given by (4.26) above.
The terminology of “squashed” is due to the relation ν2 < 1. The above metric can be
expressed in global coordinates by the following coordinate transformation [11]
t′ = −1
2
(tanhσ − cos τ)−1 sin τ ,
x′ = u+ 2 tanh−1(eσ tan
τ
2
) ,
z = 1
2
(tanhσ − cos τ)−1(coshσ)−1 , (4.32)
with u, σ ∈ R and τ ∼ τ + 4pi [21]. The metric (4.31) then takes the form
ds2 =
`2
4
[− cosh2 σ dτ 2 + dσ2 + ν2 (du+ sinhσ dτ)2] . (4.33)
In these coordinates, the vector field Aµ reads
A =
1
2
ν
√
1− ν2 (sinhσ dτ + du) . (4.34)
In terms of the left-invariant 1-forms θa obeying dθa = −12abc θb ∧ θc, and given by
θ0 = −dτ coshu coshσ + dσ sinhu
θ1 = dτ sinhu coshσ − dσ coshu
θ2 = dτ sinhσ + du , (4.35)
where u, σ ∈ R, τ ∼ τ + 4pi, the metric (4.25) and (4.34) can be written as
ds2 =
`2
4
(−θ0 ⊗ θ0 + θ1 ⊗ θ1 + ν2 θ2 ⊗ θ2) ,
A =
1
2
ν
√
1− ν2 θ2 . (4.36)
Thus, it is readily seen that the solution is invariant under SL(2, R)R ×R, where R is
generated by translations along u. If we compactify along the u direction by identifying
u ∼ u+ 2piβ, we obtain the so-called self-dual solution [12] with
ds2 =
`2
4
[− cosh2 σ dτ 2 + dσ2 + ν2 (β dφ+ sinhσ dτ)2] . (4.37)
with τ, σ ∈ R and φ ∼ φ+2pi. The isometry group of this solution becomes SL(2, R)R×
U(1)L.
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Timelike stretched AdS3
For |µ`| > 2, which implies A2 < 0, starting from the metric (4.25), we make the
coordinate transformation
t′ = 2mt , x′ = −4m
√
−A2/µ2 x , z =
√
−A2/m2 e2my . (4.38)
Then the metric takes the form
ds2 =
`2
4
[
−ν2
(
dx′ +
dt′
z
)2
+
dt′2 + dz2
z2
]
. (4.39)
This is timelike stretched AdS3 with squashing parameter ν
2, again given by (4.26).
The terminology of “stretched” is due to ν2 > 1. The above metric can be expressed
in global coordinates by the following coordinate transformation
t′ = −1
2
(tanhσ − coshu)−1 sinhu
x′ = τ + 2 tan−1(eσ tanh
u
2
)
z = 1
2
(tanhσ − coshu)−1(coshσ)−1 (4.40)
In these coordinates, the timelike stretched AdS3 solution takes the form
ds2 =
`2
4
[−ν2(dτ + sinhσ du)2 + dσ2 + cosh2 σdu2] . (4.41)
In these coordinates, the vector field Aµ reads
A =
1
2
ν
√
ν2 − 1 (dτ + sinhσ du) . (4.42)
In terms of the right-invariant 1-forms θ˜a obeying dθ˜a = +
1
2
abc θ˜
b ∧ θ˜c, and given by
θ˜0 = dτ + du sinhσ ,
θ˜1 = du cos τ coshσ + dσ sin τ
θ˜2 = du sin τ coshσ − dσ cos τ , (4.43)
the metric (4.41) and vector field (4.42) can be written as
ds2 =
`2
4
(−ν2 θ˜0 ⊗ θ˜0 + θ˜1 ⊗ θ˜1 + θ˜2 ⊗ θ˜2) ,
A =
1
2
ν
√
ν2 − 1 θ˜0 . (4.44)
Thus, we see that the solution is invariant under SL(2, R)L × U(1)R.
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For both, the spacelike squashed and timelike stretched AdS3, solutions given above,
the Ricci tensor and the Cotton tensor in the flat basis are given by
Rab = −2m2 (2− ν2) ηab + 4m2
 ν
2 −ν 0
−ν 1 0
0 0 0
 , (4.45)
Cab = 4m
3 ν (1− ν2) ηab − 12m3 ν
 ν
2 −ν 0
−ν 1 0
0 0 0
 . (4.46)
It follows that the lowest curvature invariants in these cases differ from the ones (4.9)
for AdS3 and they are given by
R = −2m2(4− ν2) , RµνRµν = 4m2(8− 8ν2 + 3ν4) ,
RµνR
νλRλ
µ = 8m6(−16 + 24ν2 − 12ν4 + ν6) . (4.47)
5 Extremal Black Hole
The self-dual solution given in (4.37) can be interpreted as an extremal black hole
with horizon radius rh. It is represented conveniently in the Schwarzschild coordinates
(t, r, θ) as follows
ds2 =
3`2
4− ν2
[(
dt+
√
3(νr − rh)√
4− ν2 dθ
)2
+
4− ν2
12 (r − rh)2 dr
2 − 3(r − rh)
2
4− ν2 dθ
2
]
,
(5.1)
and the vector field is given by
A =
√
3 (1− ν2)
4− ν2 dt+ 3 (νr + rh)
√
1− ν2
4− ν2 dθ . (5.2)
The metric (5.1) has no causal or geometric singularities. However, it has a Killing
horizon at r = rh associated with the Killing vector of the time translations, where g
rr
and the determinant of (t, θ) part of the metric vanishes. The coordinate transformation
that maps this metric to the one in the global coordinate system in (4.33) is given by
t = −ν
√
(4− ν2)
12
[
u+ 2 tanh−1
(
eσ tan
τ
2
)]
− rh
√
4− ν2 (1 + ν) sin τ
4
√
3 (tanh σ − cos τ) ,
θ = − (4− ν
2) sin τ
12 (tanh σ − cos τ) ,
r = 2 (sinh σ − cos τ cosh σ) + rh . (5.3)
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The formulae (5.1) and (5.3) are obtained from those given in [11] by suitable adapta-
tion to our spacelike squashed AdS3 metric, taking into account the differences in the
radius and squashing parameter. In (5.1) the coordinate r > 0 and θ ∈ R. 3 Recall that
the u coordinate is compactified by the relation u ' u+2piβ, thus t ' t−ν
√
(4−ν2)
3
piβ.
The corresponding SL(2, R)L isometry is generated by the Killing vector ∂u. Follow-
ing [11], we observe that the right temperature TR is vanishing while the left temper-
ature is read off from
∂
∂t
=
pi`
β
TL
∂
∂u
. (5.4)
From (5.3), this leads to
TL =
2
√
3 β√
4− ν2 νpi` . (5.5)
To compute the entropy we follow the method of [22]. Expressing the metric as
ds2 = GMN dx
MdxN = φ
(
gµν dx
µdxν + (dt+ Aµdx
µ)2
)
, (5.6)
the contribution from the gravitational Chern-Simons term is given by
SLCS =
pi
8µG
µνFµν√−g , (5.7)
while the contribution from the remainder of the action is given by
SR =
1
4G
∫
dt
√
Gtt . (5.8)
This leads to
S = SR + SLCS =
piβν`
4G
+
piβν`
8G
. (5.9)
From a dual CFT consideration, assuming that the total entropy is given by
S =
pi2`
3
TL cL , (5.10)
we deduce that
cL =
3ν2`
16G
√
3 (4− ν2) . (5.11)
3Since ν2 < 1 for the self-dual solution, θ cannot be identified periodically, which would imply the
existence of closed time-like curves for large r.
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6 Comments
In this paper we have constructed supersymmetric warped AdS3 solutions in off-shell
extended topologically massive supergravity. The auxiliary vector field of N = (1, 1)
supergravity is a topologically massive vector and plays a crucial role for the existence
of these solutions. In particular, its norm is related to the warping parameter of the
solutions. At vanishing norm, which corresponds to µ` = 2, the solution is null warped
AdS3 which represents the transition point between spacelike squashed and timelike
stretched solutions. In contrast, in absence of the vector field, non-supersymmetric
warped AdS solutions exist [11] whose critical point occurs at µ` = 3 where the solution
is round AdS3. In [23] it is shown that only for certain values of µ`, which are obtained
by varying the number of scalar fields with a VEV, solutions of topological gauged
D = 3, N = 8 CFTs with SO(N) gauge group are also solutions of topologically
massive gravity. It is interesting to note that among these, µ` = 2 is the only even one
and until now no solution with this value were known. Supersymmetry of these warped
AdS3 solutions may also prove useful to further analyze the stability of them, c.f. [24].
Furthermore, we have constructed an extremal black hole solution as a discrete quotient
of spacelike squashed warped AdS3. This solution has no closed timelike curves. It
would also be interesting to study its holographic dual as in [25].
Among our key results are the expressions for the most general form of the metric
and auxiliary fields that follow from the Killing spinor equation. To obtain these
results, it was sufficient to study the direct consequences of the Killing spinor equation
itself, as summarized in equations (3.6)–(3.9). Nonetheless, it is useful to record the
integrability conditions that follow from the Killing spinor equations. To this end, we
note that acting with ¯γµνDν on the Killing spinor equation (3.1) implies
4
R + 2AµA
µ + 6|Z|2 − 8= (e−σ+ic ∂z¯Z) = 0 ,
∇µAµ − 2<
(
e−σ+ic ∂z¯Z
)
= 0 . (6.1)
It is interesting that universal equations involving the Ricci scalar and the divergence
of the vector field arise, regardless of the Lagrangian field theory one may consider,
c.f. (6.1).5 To determine the consequences of these equations when considered together
with the field equations in general, let us consider the extension of the model we
have studied here by adding to it a new piece L′ that may contain all possible higher
derivative terms allowed by off-shell supersymmetry. Focusing on the bosonic sector,
4 A constraint on the curvature scalar has been noted in off-shell N = 1, D = 10 supergravity in a
different context, resulting from its superspace formulation [26, 27].
5By contrast, Killing spinor equations resulting from on-shell supergravity are known to imply a
subset of the field equations.
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the resulting field equations together with the integrability conditions above give
gµν
δL′
δgµν
+
3
2
(
Z
δL′
δZ
+ h.c.
)
= 4= (e−σ+ic ∂z¯Z) ,
∇µ δL
′
δAµ
= −8< (e−σ+ic ∂z¯Z) . (6.2)
It may be worthwhile to investigate how powerful these conditions are on L′. It would
also be interesting to explore the relation between the off-shell theories studied here
and and the on-shell ones that arise in spontaneous compactification of string theory
that preserves as much supersymmetry.
The analysis which we have done in this paper in fact has direct applications for the
construction of rigid supersymmetric theories on curved spacetimes. Along the lines
of [28] every solution to the off-shell Killing spinor equations defines a background on
which a rigid supersymmetric field theory can be constructed. It suffices to evaluate any
off-shell matter coupling to the Lagrangian (2.3) on the background metric (3.32) with
auxiliary fields (3.31). A similar analysis (based on new minimal off-shell supergravity
in D = 3) has been done for Euclidean backgrounds in [29], and for superconformal
theories in [30, 31]. See [32, 33] for the corresponding constructions in superspace.
An interesting open problem is the possible embedding of our solutions into string
theory. It is known that a suitable quotient of spacelike squashed AdS3, known as Go¨del
black hole, complemented by a suitable internal space, arises as a supersymmetric
solution of Type II supergravities truncated to the Neveu-Schwarz sector [34]. It is
not clear what three-dimensional supergravity it solves, and it harbors closed timelike
curves in the asymptotic region. Finally we comment on a consistent truncation of
Type IIB supergravity that has been shown to yield a Lagrangian in three dimensions
whose bosonic sector consist of graviton, two real scalars and a real vector field [35].
This is not a bosonic sector of any supergravity theory in three dimensions (but fits into
N = 2 supergravity upon retaining more fields in the reduction [36]), and it does not
contain a Lorentz-Chern-Simons term. Nonetheless it is intriguing that the Lagrangian
for the vector fields is schematically given by F ∧ A + A2 (with scalars taken to be
constant), just as in the model we have studied here. Warped black string solution
and a holographic description of the theory have been discussed in [37]. To examine
the relation of this model (or more generally the suitably compactified on-shell ten-
dimensional supergravities) with the off-shell model we have studied here, it would be
useful to extend it by constructing all possible curvature square invariants as a start.
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A Solution of the Killing spinor equation
In this appendix, we integrate the Killing spinor equations and explicitly determine
the Killing spinor in the background found in section 3. The Killing spinor equations
translate into
0 = e−σ γ0 ∂t + A0 P¯ +
i
2
(
4Az¯ + e
−icZ∗
)
Ω¯ +
i
2
eicZ Ω +
1
2
Z ∗ ,
0 = e−σ
(
∂z +
i
2
∂zσ γ
0
)
− A0 Ω¯ − i Az P¯ + 1
2
Z Ω¯ ∗ ,
0 = e−σ
(
∂z¯ − i
2
∂z¯σ γ
0
)
− i Az¯ P + 1
2
Z Ω ∗ , (A.1)
where we have defined the combinations of γ matrices
P ≡ 1
2
(
I2 + i γ0
)
, Ω ≡ 1
2
(
γ1 + iγ2
)
= γ1P . (A.2)
An immediate solution to (A.1) is provided by
 ≡ f 1/2 e−ic/2 0 , (A.3)
with a constant spinor 0 satisfying the conditions
P¯ 0 = 0 , ∗0 = −iΩ 0 . (A.4)
With (A.3), we have thus reconstructed the original Killing spinor from which the
spinor bilinears (3.3) were computed.
Next, let us examine whether the Killing spinor equations (A.1) may admit addi-
tional solutions. For round AdS3, in which case Z = m and Aa = 0, it is well known
that the Killing spinor equations (3.1) admit a second solution of the type
P  = 0 . (A.5)
In the general case, for non-vanishing A0, one can show that equations (A.1) do not
admit additional solution of this type. Namely, for (A.5) the second equation in (A.1)
takes the form
O = A0Ω¯ , (A.6)
where O is a differential operator which is proportional to unity in spinor space and
whose exact form can be read of from (A.1). Multiplying this equation with P from the
left, and using (A.5) and PΩ¯ = Ω¯, we find that A0Ω¯ = 0. Multiplying this equation
by Ω from the left and noting that ΩΩ¯ = P¯, we find P¯ = 0, assuming that A0 is
nonvanishing. Together with (A.5), it follows that  = 0.
Relaxing (A.5), leads to coupling between P  and P¯ , but we still find that for all
our solutions other than AdS3 these equations do not admit a solution. Thus there is
no supersymmetry enhancement except for the AdS3 case.
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